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Abstract
The boundary effects in the screening of an applied magnetic field in a charged
anyon fluid at finite density (µ 6= 0) and temperature (T 6= 0) are investigated.
By analytically solving the extremum equations of the system and minimizing
the free energy density, we find that in a sample with only one boundary
(the half plane), a total Meissner effect takes place; while the sample with
two boundaries (the infinite strip) exhibits a partial Meissner effect. The
short-range modes of propagation of the magnetic field inside the fluid are
characterized by two temperature dependent penetration lengths.
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Since the claim by Laughlin and his collaborators [1], [2] that fractional statistics could
play a crucial role in high-TC superconductivity, a significant work has been done to investi-
gate the superconducting characteristics of the charged anyon fluid in two spatial dimensions.
The anyon superconductivity at T = 0 has been investigated by many authors [2]- [8].
In this case, the anyon superconductivity appears due to the exact cancellation between the
bare and induced Chern-Simons terms in the effective action of the theory.
The possible realization of anyon superconductivity at T 6= 0 has also been extensively in-
vestigated [5]- [12]. At finite temperature, based on non-vanishing correction to the induced
Chern-Simons coefficient, some authors (see, ref. [6]) have concluded that the superconduc-
tivity is lost at T 6= 0. In contrast with this result, in refs. [7], [11] it was argued that the
non-vanishing correction to the induced Chern-Simons coefficient is numerically negligible
at T < 200 ◦K. On the other hand, the development of a pole ∼
(
1
k2
)
at T 6= 0 in the
polarization operator component Π00, characteristic of the Debye screening in plasmas, was
found [7], [11] as the main reason for the lack of a total Meissner effect in the charged anyon
fluid at finite temperature. In these papers it was discussed how the appearance of this
pole leads to a partial Meissner effect with a penetration which appreciably increases with
temperature. Independently, in ref. [5], it was claimed that the anyon model fails to provide
a good superconducting behavior at finite temperature. The reason is that a long-range
mode was obtained inside the infinite bulk, which vanishes only at T = 0.
In the present paper, working in the self-consistent field approximation [5], [7], [11],
we show that the finite temperature superconducting behavior of the charged anyon fluid
depends on the sample boundary conditions. This result is obtained by analytically solving
the field equations of the system and the stability conditions derived from the free energy
density, subject to two different set of boundary conditions: a half infinite planar sample
with an external magnetic field applied in the boundary (x = 0), and an infinite strip with
external magnetic field applied in the two boundaries (x = 0 and x = L).
For the half plane we find that the external magnetic field cannot penetrate the bulk
(total Meissner screening). In this case the external magnetic field is damped within the
2
anyon fluid by two characteristic lengths, corresponding to two short-range eigenmodes of
propagation.
In the case of an infinite strip, it is shown that a partial penetration occurs (partial
Meissner screening). That is, the applied magnetic field propagates, within the anyon fluid,
through one long-range and two short-range modes of propagation.
To understand the genesis of these results, one must take into account that in this model
the zero component of the Maxwell and Chern-Simons gauge fields, A0 and a0 respectively,
enter in the field equations in the same foot as the electromagnetic and Chern-Simons field
strengths. Accordingly, A0 and a0 become physical, and, as we will prove, their asymp-
totic behaviors (which are inherently linked to the sample boundary conditions) affect the
magnetic screening properties within the bulk. In this sense, the model exhibits a kind of
Aharonov-Bohm effect. The importance of the boundary conditions in 2+1 dimensional
models has been already stressed in ref. [13].
The approach we follow is to compute the finite temperature effective action starting
from the Lagrangian density
L = −1
4
F 2µν −
N
4pi
εµνρaµ∂νaρ + eneA0 + iψ
†D0ψ − 1
2m
|Dkψ|2 + ψ†µψ (1)
of a 2+1 dimensional charged fluid of non-relativistic electrons, ψ, coupled to two indepen-
dent gauge fields, Aµ and aµ, which represent the electromagnetic field and the Chern-Simons
field respectively. The covariant derivative is given by Dν = ∂ν + i (aν + eAν) , ν = 0, 1, 2.
The charged character of the fluid is implemented through the chemical potential µ; ne is
a background neutralizing “classical” charge density. From the electric charge neutrality
condition, it is known that the system ground state has a non-zero expectation value of the
Chern-Simons magnetic field
(
b = 2pine
N
)
.
To investigate the linear response of the medium to an applied external magnetic field,
it is enough to consider small fluctuations of the gauge potentials around the many-particle
ground state. That is, we can evaluate the effective action corresponding to the Lagrangian
density (1), up to second order in these small quantities,
3
Γeff (Aν , aν) =
∫
dx
(
−1
4
F 2µν −
N
4pi
εµνρaµ∂νaρ + eneA0
)
+ Γ(2) (2)
Γ(2) =
∫
dxΠν (x) [aν (x) + eAν (x)] +
∫
dxdy [aν (x) + eAν (x)] Π
µν (x, y) [aν (y) + eAν (y)]
(3)
Γ(2) is the fermion contribution to the effective action in the above approximation, Πν and
Πµν represent the fermion tadpole and polarization operators respectively. An essential point
in the study of this effective theory is the calculation of these operators by using the fermion
thermal Green’s function defined in the presence of the background field b [5], [7].
The leading behavior of these operators for static (k0 = 0) and slowly (k ∼ 0) varying
configurations have been found in the low
(
T ≪ m/b
)
and high
(
T ≫ m/b
)
temperature
limits by different authors (see refs. [5], [10]). These operators with the spatial momentum
specialized in the frame k = (k, 0) are given by,
Πk (x) = 0, Π0 (x) = −ne (4)
Πµν =

Π0 + Π0
′ k2 0 Π1k
0 0 0
−Π1k 0 Π 2k2
 (5)
where the polarization operator coefficients in the different temperature limits are,
Low-Temperature Limit:
Π0 =
βb
pi
e−βb/2m (6)
Π0
′ =
mN
2pib
[
1− 2βb
m
e−βb/2m
]
(7)
Π1 =
N
2pi
[
1− 2βb
m
e−βb/2m
]
(8)
Π 2 =
N2
2pim
[
1 +
2
N2
e−βb/2m − 2βb
m
(
1 +
1
4N2
)
e−βb/2m
]
(9)
4
High-Temperature Limit:
Π0 = −m
4pi
[
tanh
(
βµ
2
)
+ 1
]
(10)
Π0
′ = − β
96pi
sech 2
(
βµ
2
)
(11)
Π1 =
iβb
96pim
sech 2
(
βµ
2
)
(12)
Π 2 =
1
48pim
[
tanh
(
βµ
2
)
+ 1
]
(13)
Another important quantity needed to investigate the behavior of the anyon fluid is its
free-energy
F = 1
2
L2/2∫
−L2/2
dy
L1∫
0
dx
{(
E2 +B2
)
+ Π0 (eA0 + a0)
2 + Π0
′ (eA0 + a0) ∂
2
x (eA0 + a0)
+Π1 [(eA0 + a0) ∂x (eA2 + a2)− (eA2 + a2) ∂x (eA0 + a0)] + Π 2 (eA2 + a2) ∂2x (eA2 + a2)
}
(14)
To study the linear response of the anyon fluid to an applied external magnetic field
we have to solve the extremum equations derived from the effective action (2). This for-
mulation is known in the literature as the self-consistent field approximation [7], [11]. The
corresponding Maxwell and Chern-Simons extremum equations are respectively,
∂νF
νµ = eJµind (15)
− N
4pi
εµνρfνρ = J
µ
ind (16)
Here, fµν is the Chern-Simons gauge field strength tensor, defined as fµν = ∂µaν−∂νaµ, and
Jµind is the current density induced by the anyon system at finite temperature and density.
Their different components are given by
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J0ind (x) = Π0 [a0 (x) + eA0 (x)] + Π0
′∂x (E + eE) + iΠ1 (b+ eB) (17)
J1ind (x) = 0, J
2
ind (x) = iΠ1 (E + eE) + Π 2∂x (b+ eB) (18)
In the above expressions the notation: E = f01, E = F01, b = f21 , B = F21was used. Eqs.
(17)-(18) play the role in the anyon fluid of the London equations in BCS superconductivity.
When the induced currents (17), (18) are substituted in eqs. (15) and (16), one finds, after
some manipulation, the following set of independent differential equations,
ω∂2xB + αB = γ [∂xE − σA0] + τ a0 (19)
∂xB = κ∂
2
xE + ηE (20)
∂xa0 = χ∂xB (21)
The coefficients appearing in these differential equations depend on the components of the
polarization operators through the relations,
ω =
2pi
N
Π0
′, α = ie2Π1 , τ = −eΠ0 , χ = − 2pi
eN
, σ =
e2
γ
Π0 , η = −ie
2
δ
Π1
γ = 1− e2Π0 ′ − 2pii
N
Π1 , δ = 1 + e
2Π 2 +
2pii
N
Π1 , κ = − 2pi
Nδ
Π 2 . (22)
The extremum equations (19)-(21) are not essentially different from those found for the
anyon effective theory at finite temperature by other authors [7], [11]. Distinctive of these
equations is the appearance of the nonzero constant coefficients σ and τ . They are related
to the Debye screening which is a property of the charged medium. It is a peculiar fact that
in the anyon fluid these coefficients appear linked to the magnetic field (see eq. (19)). As a
consequence, the zero components of the gauge potentials, A0 and a0, play a nontrivial role
in the magnetic field solution of eqs. (19)-(21).
To solve eqs. (19)-(21) we can conveniently arrange them to obtain,
6
a∂4xE + d∂
2
xE + cE = 0 (23)
where a = ωκ, d = ωη + ακ − γ − τκχ, and c = αη − σγ − τηχ. Then the solutions for
the fields E, and B, and for the potentials a0 and A0, can be obtained from (23), (20), (21)
and the definition of E in terms of A0, respectively. Being (23) a higher order differential
equation, its solution belongs to a wider class if compared to that corresponding to the
original eqs. (19)-(21). Thus, to exclude the redundant solutions we have to require that
they satisfy eq. (19) as a supplementary condition. In this way we can reduce the number of
independent unknown coefficients to six, which is the number corresponding to the original
system (19)-(21).
Solving eq. (23) we obtain,
E (x) = C1e
−xξ1 + C2e
xξ1 + C3e
−xξ2 + C4e
xξ2 , (24)
where
ξ1,2 =
[
−d ±
√
d2 − 4ac
] 1
2 /
√
2a (25)
take real values at any temperature when evaluated with the typical values ne = (1 ∼ 5)×
1014cm−2, m = 2me (me = 2.6× 1010cm−1 is the electron mass) and |N | = 2.
With the solution (24), eqs. (20), (21), and the definition E = −∂xA0, we find,
B (x) = γ1
(
C1e
−xξ1 − C2exξ1
)
+ γ2
(
C3e
−xξ2 − C4exξ2
)
+ C5 (26)
a0 (x) = χγ1
(
C1e
−xξ1 − C2exξ1
)
+ χγ2
(
C3e
−xξ2 − C4exξ2
)
+ C6 (27)
A0 (x) =
1
ξ1
(
−C1e−xξ1 + C2exξ1
)
+
1
ξ2
(
−C3e−xξ2 + C4exξ2
)
+ C7 (28)
Corresponding to the magnetic field (26) we have the electromagnetic potential A2 given by,
A2 (x) = −γ1
ξ1
(
C1e
−xξ1 − C2exξ1
)
− γ2
ξ2
(
C3e
−xξ2 − C4exξ2
)
+ C5x (29)
The spatial component of the Chern-Simons field is
7
a2 (x) = χ
(
C1e
−xξ1 + C2e
xξ1 + C3e
−xξ2 + C4e
xξ2
)
(30)
In the above formulas we introduced the notation,
γ1 =
ξ21κ+ η
ξ1
, γ2 =
ξ22κ + η
ξ2
(31)
The extra unknown coefficient is eliminated, as it was explained above, substituting the
solutions (24), (26), (27) and (28) into eq. (19) to obtain the relation,
C5 =
τ
α
C6 +
σγ
α
C7 (32)
The last relation establishes a connection between the asymptotic conditions for the zero
components of the gauge potentials and the asymptotic condition for the magnetic field.
Let us take into account now the boundary conditions needed to determine the six inde-
pendent unknown coefficients. Henceforth, we consider two different sample configurations:
the half plane and the infinite strip.
The half plane:
We will consider the anyon fluid confined to a semi-infinite plane −∞ < y < ∞ with
boundary at x = 0. The external magnetic field will be applied from the vacuum (−∞ <
x < 0). We restrict our solution to gauge field configurations which are static and uniform
in the y-direction.
The boundary conditions for the magnetic field are B (x = 0) = B (B constant), and
B (x→∞) finite. Because no external electric field is applied, the boundary conditions for
this field are, E (x = 0) = 0, E (x→∞) finite.
With the above conditions we obtain C2 = C4 = 0 and C1 = −C3, where C1 depends on
the magnetic field boundary value, B, the unknown coefficient C5 and temperature, through
the relation,
C1 =
B − C5
γ1 − γ2 (33)
To find the remaining independent unknown coefficients (C6 and C7) we will consider
the system stability condition. That is, starting from the system free energy (14) evaluated
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in the field solutions (24), (26)-(30), we define the free energy density f = F
A
, where the area
of the sample is given by A = L1L2. Then, we find the values of C6 and C7 that minimize
the free-energy density,
δf
δC6
= 0,
δf
δC7
= 0 (34)
Considering the leading terms appearing in eq. (34) after taking the half plane limit
(L1 →∞, L2 →∞), we arrive to the following equations,
C5 +
1
2
Π1 (eC7 + C6) = 0 (35)
C5 +
2Π0
Π1
(eC7 + C6) = 0 (36)
From eqs. (35) and (36), together with the constraint (32), we obtain C5 = C6 = C7 = 0.
The magnetic field penetration is then given by,
B (x) = B1 (T ) e
−xξ1 − B2 (T ) e−xξ2, x ≥ 0 (37)
where the temperature dependent coefficients, B1 (T ) and B2 (T ), are given by,
B1 (T ) =
γ1
γ1 − γ2B, B2 (T ) =
γ2
γ1 − γ2B (38)
Hence, the applied magnetic field within the anyon fluid totally falls down exponentially
on two essentially different scales, λ1 = 1/ξ1 and λ2 = 1/ξ2, which characterize two eigen-
modes of propagation inside the fluid. Considering the obtained values for the Ci coefficients
in the solution (24), we also find that the induction of an electric field inside the bulk is
intimately linked to the Meissner effect in the anyon fluid. Note that this induced electric
field also decays exponentially within the characteristic lengths λ1, λ2.
The infinite strip:
Now we consider the anyon fluid confined to the strip −∞ < y < ∞ with boundaries
at x = 0 and x = L1 = 2L. The external magnetic field will be applied from the vacuum
(−∞ < x < 0, 2L < x < ∞). We again restrict our solution to gauge field configurations
which are static and uniform in the y-direction.
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We consider the following symmetric boundary conditions for the magnetic field:
B (x = 0) = B, B (x = 2L) = B (B constant). The boundary conditions for the elec-
tric field are, E (x = 0) = 0, E (x = 2L) = 0. With the above boundary conditions and
considering that L ≫ λ1, λ2, we obtain that the unknown coefficients C1, C2, C3, C4 and
C5, are related through the following equations,
C1 =
C5 −B
γ1 − γ2
C2 = −C1e−2Lξ1 , C3 = −C1, C4 = C1e−2Lξ2 (39)
To determine the independent unknown coefficients, C6 and C7, we repeat the same
procedure we used in the half plane case. Taking L1 = 2L in the free energy (14), we find
that in the L≫ λ1, λ2 limit, the leading terms appearing in eqs. (34), are
C6 = K2B, C7 = K1C6 (40)
where
K1 =
(
Π0 +
κγ
2α
Π1
)−1 (
Π0 +
eτ
2α
Π1
)
(41)
K2 =
[(
γ1 − γ2
Π˜
+ 2
)(
κγ
αK1 +
τ
α
)
+
eΠ1 (γ1 − γ2)
2Π˜
(
e
K1 + 1
)]−1
(42)
Π˜ =
[
eχ (γ2 − γ1) + e2
(
1
ξ2
− 1
ξ1
)]
Π1
2
+
[
e2 (γ2 − γ1) + 2pi
N
(ξ2 − ξ1)
]
Π2
2
(43)
From (40) and the constraint equation (32), we have that C5 is not zero, what implies a
partial Meissner effect. In this case the magnetic field inside the anyon fluid is given by
B (x) = B1 (T )
(
e−xξ1 + e−(2L−x)ξ1
)
−B2 (T )
(
e−xξ2 + e−(2L−x)ξ2
)
+B (T ) (44)
where
B1 (T ) =
γ1
γ1 − γ2
(
B − B (T )
)
, B2 (T ) =
γ2
γ1
B1 (T ) , B (T ) = K2
(
κγ
α
K1 + τ
α
)
B
(45)
At x = L (i.e., in the middle of the sample), considering the large L limit, we have that
B (x = L) ≃ B (T ). This can be interpreted as a partial Meissner effect, taking into account
that B (T ) ≤ B.
The results of this paper explicitly show something we had previously pointed out [12],
namely, that in the charged anyon fluid the zero components of the gauge potentials become
physical. Their asymptotic behavior, which through the equations of motion affect the mag-
netic field in the bulk, are fixed by the conditions of minimal free energy density and by the
sample boundary conditions. The physical relevance of gauge potentials is not new in Field
Theory. Indeed, in statistical gauge theory it is natural to expect that different asymptotic
behaviors of the zero components of the gauge fields correspond to different physical situa-
tions, since it is known that non-zero constant asymptotic gauge field configurations are not
gauge equivalent (under proper, periodic gauge transformations) to the trivial vacuum [14].
The system under study here is just an example of such a case.
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